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============

Consider the following *mathematical program with vanishing constraints* (MPVC)$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{rll} \min \limits _{x \in \mathbb {R}^n} &{} f(x) &{} \\ \text {subject to } &{} h_i(x) = 0 &{} i \in E,\\ &{} g_i(x) \le 0 &{} i \in I,\\ &{} H_i(x) \ge 0, \, G_i(x) H_i(x) \le 0 &{} i \in V, \end{array} \end{aligned}$$\end{document}$$with continuously differentiable functions $\documentclass[12pt]{minimal}
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                \begin{document}$$f, h_i, i \in E, g_i, i \in I, G_i, H_i, i \in V$$\end{document}$ and finite index sets *E*, *I* and *V*.

Theoretically, MPVCs can be viewed as standard nonlinear optimization problems, but due to the vanishing constraints, many of the standard constraint qualifications of nonlinear programming are violated at any feasible point $\documentclass[12pt]{minimal}
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                \begin{document}$$i \in V$$\end{document}$. On the other hand, by introducing slack variables, MPVCs may be reformulated as so-called mathematical programs with complementarity constraints (MPCCs), see \[[@CR7]\]. However, this approach is also not satisfactory as it has turned out that MPCCs are in fact even more difficult to handle than MPVCs. This makes it necessary, both from a theoretical and numerical point of view, to consider special tailored algorithms for solving MPVCs. Recent numerical methods follow different directions. A smoothing-continuation method and a regularization approach for MPCCs are considered in \[[@CR6], [@CR10]\] and a combination of these techniques, a smoothing-regularization approach for MPVCs is investigated in \[[@CR2]\]. In \[[@CR3], [@CR8]\] the relaxation method has been suggested in order to deal with the inherent difficulties of MPVCs.

In this paper, we carry over a well known SQP method from nonlinear programming to MPVCs. We proceed in a similar manner as in \[[@CR4]\], where an SQP method for MPCCs was introduced by Benko and Gfrerer. The main task of our method is to solve in each iteration step a quadratic program with linear vanishing constraints, a so-called auxiliary problem. Then we compute the next iterate by reducing a certain merit function along some polygonal line which is given by the solution procedure for the auxiliary problem. To solve the auxiliary problem we exploit the new concept of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {Q}}_M$$\end{document}$-*stationarity* introduced in the recent paper by Benko and Gfrerer \[[@CR5]\]. $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {Q}}_M$$\end{document}$-stationarity is in general stronger than M-stationarity and it turns out to be very suitable for a numerical approach as it allows to handle the program with vanishing constraints without relying on enumeration techniques. Surprisingly, we compute at least a $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {Q}}_M$$\end{document}$-stationary solution of the auxiliary problem just by means of quadratic programming by solving appropriate convex subproblems.

Next we study the convergence of the SQP method. We show that every limit point of the generated sequence is at least M-stationary. Moreover, we consider the extended version of our SQP method, where at each iterate a correction of the iterate is made to prevent the method from converging to undesired points. Consequently we show that under some additional assumptions all limit points are at least $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {Q}}_M$$\end{document}$-stationary. Numerical tests indicate that our method behaves very reliably.

A short outline of this paper is as follows. In Sect. [2](#Sec2){ref-type="sec"} we recall the basic stationarity concepts for MPVCs as well as the recently developed concepts of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {Q}}_M$$\end{document}$-stationarity. In Sect. [3](#Sec3){ref-type="sec"} we describe an algorithm based on quadratic programming for solving the auxiliary problem occurring in every iteration of our SQP method. We prove the finiteness and summarize some other properties of this algorithm. In Sect. [4](#Sec4){ref-type="sec"} we propose the basic SQP method. We describe how the next iterate is computed by means of the solution of the auxiliary problem and we consider the convergence of the overall algorithm. In Sect. [5](#Sec9){ref-type="sec"} we consider the extended version of the overall algorithm and we discuss its convergence. Section [6](#Sec13){ref-type="sec"} is a summary of numerical results we obtained by implementing our basic algorithm in MATLAB and by testing it on a subset of test problems considered in the thesis of Hoheisel \[[@CR7]\].

In what follows we use the following notation. Given a set *M* we denote by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}(M):=\{ (M_1,M_2) \,\vert \,M_1 \cup M_2 = M, \, M_1 \cap M_2 = \emptyset \}$$\end{document}$ the collection of all partitions of *M*. Further, for a real number *a* we use the notation $\documentclass[12pt]{minimal}
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                \begin{document}$$\lim _{k \rightarrow \infty , k \in K} y_k = y$$\end{document}$.

Stationary points for MPVCs {#Sec2}
===========================
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                \begin{document}$${\bar{x}}$$\end{document}$ feasible for ([1](#Equ1){ref-type=""}) we define the following index sets$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} I^g({\bar{x}}):= & {} \{ i \in I \,\vert \,g_i({\bar{x}}) = 0 \}, \nonumber \\ I^{0+}({\bar{x}}):= & {} \{ i \in V \,\vert \,H_i({\bar{x}}) = 0< G_i({\bar{x}}) \}, \nonumber \\ I^{0-}({\bar{x}}):= & {} \{ i \in V \,\vert \,H_i({\bar{x}}) = 0> G_i({\bar{x}}) \}, \nonumber \\ I^{+0}({\bar{x}}):= & {} \{ i \in V \,\vert \,H_i({\bar{x}})> 0 = G_i({\bar{x}}) \}, \nonumber \\ I^{00}({\bar{x}}):= & {} \{ i \in V \,\vert \,H_i({\bar{x}}) = 0 = G_i({\bar{x}}) \}, \nonumber \\ I^{+-}({\bar{x}}):= & {} \{ i \in V \,\vert \,H_i({\bar{x}}) > 0 < G_i({\bar{x}}) \}. \end{aligned}$$\end{document}$$In contrast to nonlinear programming there exist a lot of stationarity concepts for MPVCs.

Definition 2.1 {#FPar1}
--------------
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                \begin{document}$$\begin{aligned} \begin{array}{rcl} \lambda _i^g g_i({\bar{x}}) = 0, i \in I, &{} \lambda _i^H H_i({\bar{x}}) = 0, i \in V, &{} \lambda _i^G G_i({\bar{x}}) = 0, i \in V, \\ \lambda _i^g \ge 0, i \in I, &{} \lambda _i^H \ge 0, i \in I^{0-}({\bar{x}}), &{} \lambda _i^G \ge 0, i \in I^{00}({\bar{x}}) \cup I^{+0}({\bar{x}}). \end{array} \end{aligned}$$\end{document}$$*M-stationary*, if it is weakly stationary and $$\documentclass[12pt]{minimal}
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Note that the S-stationarity conditions are nothing else than the Karush-Kuhn-Tucker conditions for the problem ([1](#Equ1){ref-type=""}). As we will demonstrate in the next theorems, a local minimizer is S-stationary only under some comparatively stronger constraint qualification, while it is $\documentclass[12pt]{minimal}
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Definition 2.2 {#FPar2}
--------------
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Theorem 2.1 {#FPar3}
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Theorem 2.2 {#FPar4}
-----------

(c.f. \[[@CR5], Theorem 8\]) If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bar{x}}$$\end{document}$ is Q-stationary with respect to a partition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\beta ^1,\beta ^2) \in \mathcal {P}(I^{00}({\bar{x}}))$$\end{document}$, such that for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j \in \beta ^1$$\end{document}$ there exists some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z^j$$\end{document}$ fulfilling$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} \begin{array}{l} \nabla h({\bar{x}}) {\bar{z}} = 0, \\ \nabla g_i({\bar{x}}) {\bar{z}} = 0, i \in I^g({\bar{x}}), \\ \nabla G_i({\bar{x}}) {\bar{z}} = 0, i \in I^{+0}({\bar{x}}), \\ \nabla G_i({\bar{x}}) {\bar{z}} \left\{ \begin{array}{lr} \ge 0, &{} i \in \beta ^1,\\ \le -1, &{} i \in \beta ^2, \end{array} \right. \\ \nabla H_i({\bar{x}}) {\bar{z}} = 0, i \in I^{0-}({\bar{x}}) \cup I^{00}({\bar{x}}) \cup I^{0+}({\bar{x}}), \end{array} \end{aligned}$$\end{document}$$then $\documentclass[12pt]{minimal}
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Note that these two theorems together also imply that a local minimizer $\documentclass[12pt]{minimal}
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Moreover, note that ([9](#Equ9){ref-type=""}) and ([10](#Equ10){ref-type=""}) are fulfilled for every partition $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \nabla h({\bar{x}}) {\bar{z}}= & {} 0, \\ \nabla g_i({\bar{x}}) {\bar{z}}= & {} 0, i \in I^g({\bar{x}}), \\ \nabla G_i({\bar{x}}) {\bar{z}}= & {} 0, i \in I^{+0}({\bar{x}}), \\ \nabla G_i({\bar{x}}) {\bar{z}}\le & {} -1, i \in I^{00}({\bar{x}}), \\ \nabla H_i({\bar{x}}) {\bar{z}}= & {} 0, i \in I^{0-}({\bar{x}}) \cup I^{00}({\bar{x}}) \cup I^{0+}({\bar{x}}) \end{aligned}$$\end{document}$$has a solution, which resembles the well-known Mangasarian-Fromovitz constraint qualification (MFCQ) of nonlinear programming and it seems to be a rather weak and possibly often fulfilled assumption.

Finally, we recall the definitions of normal cones. The *regular normal cone* to a closed set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega \subset \mathbb {R}^m$$\end{document}$ at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u \in \Omega $$\end{document}$ can be defined as the polar cone to the tangent cone by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\widehat{N}}_{\Omega }(u) := (T_{\Omega }(u))^{\circ } = \{ z \in \mathbb {R}^m \,\vert \,(z,d) \le 0 \, \forall d \in T_{\Omega }(u)\}. \end{aligned}$$\end{document}$$The *limiting normal cone* to a closed set $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} N_{\Omega }(u) := \{ z \in \mathbb {R}^m \,\vert \,\exists u_k \rightarrow u, z_k \rightarrow z \text { with } u_k \in \Omega , z_k \in {\widehat{N}}_{\Omega }(u_k) \, \forall k \}. \end{aligned}$$\end{document}$$In case when $\documentclass[12pt]{minimal}
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Solving the auxiliary problem {#Sec3}
=============================

In this section, we describe an algorithm for solving quadratic problems with vanishing constraints of the type$$\documentclass[12pt]{minimal}
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We first summarize some consequences of the Initialization step.
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The following lemma plays a crucial part in proving the finiteness of the Algorithm [3.1](#FPar7){ref-type="sec"}.
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-----
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We now formulate the main theorem of this section.

Theorem 3.1 {#FPar12}
-----------
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Proof {#FPar13}
-----
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We conclude this section with the following proposition that brings together the basic properties of the Algorithm [3.1](#FPar7){ref-type="sec"}.

Proposition 3.3 {#FPar14}
---------------
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Proof {#FPar15}
-----
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The basic SQP algorithm for MPVC {#Sec4}
================================

An outline of the basic algorithm is as follows.

Algorithm 4.1 {#FPar16}
-------------
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Remark 4.1 {#FPar17}
----------

We terminate the Algorithm [4.1](#FPar16){ref-type="sec"} only in the following two cases. In the first case no sufficient reduction of the violation of the constraints can be achieved. The second case will be satisfied only by chance when the current iterate is a $\documentclass[12pt]{minimal}
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The next iterate {#Sec5}
----------------

Denote the outcome of Algorithm [3.1](#FPar7){ref-type="sec"} at the $\documentclass[12pt]{minimal}
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### The merit function {#Sec6}

We are looking for the next iterate at the polygonal line connecting the points $\documentclass[12pt]{minimal}
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#### Lemma 4.1 {#FPar18}
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#### Proof {#FPar19}

1\. By convexity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P^1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P^2, \hat{\phi }_k^t$$\end{document}$ is convex because it is sum of convex functions.

2\. By Lipschitz continuity of distance function with Lipschitz modulus $\documentclass[12pt]{minimal}
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We state now the main result of this subsection. For the sake of simplicity we omit the iteration index *k* in this part.

#### Proposition 4.1 {#FPar20}
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#### Proof {#FPar21}
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#### Lemma 4.2 {#FPar22}
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Convergence of the basic algorithm {#Sec8}
----------------------------------

We consider the behavior of the Algorithm [4.1](#FPar16){ref-type="sec"} when it does not prematurely stop and it generates an infinite sequence of iterates$$\documentclass[12pt]{minimal}
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### Assumption 1 {#FPar24}
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For our convergence analysis we need one more merit function$$\documentclass[12pt]{minimal}
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### Lemma 4.3 {#FPar25}
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### Proof {#FPar26}
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A simple consequence of the way that we define the penalty parameters in ([42](#Equ42){ref-type=""}) is the following lemma.

### Lemma 4.4 {#FPar27}

Under Assumption [1](#FPar24){ref-type="sec"} there exists some $\documentclass[12pt]{minimal}
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### Remark 4.2 {#FPar28}
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### Lemma 4.5 {#FPar29}

Assume that Assumption [1](#FPar24){ref-type="sec"} is fulfilled. Then$$\documentclass[12pt]{minimal}
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### Proof {#FPar30}
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Now we are ready to state the main result of this section.

### Theorem 4.1 {#FPar33}

Let Assumption [1](#FPar24){ref-type="sec"} be fulfilled. Then every limit point of the sequence of iterates $\documentclass[12pt]{minimal}
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The extended SQP algorithm for MPVC {#Sec9}
===================================

In this section we investigate what can be done in order to secure $\documentclass[12pt]{minimal}
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Nevertheless, in practical situations it is likely that some assumption, securing that a stronger stationarity will be preserved in the limiting process, may be fulfilled. E.g., let $\documentclass[12pt]{minimal}
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Preliminary results {#Sec10}
-------------------
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The extended version of Algorithm [4.1](#FPar16){ref-type="sec"} {#Sec11}
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An outline of the extended algorithm is as follows.

### Algorithm 5.1 {#FPar43}
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Naturally, Remark [4.1](#FPar17){ref-type="sec"} regarding the stopping criteria for Algorithm [4.1](#FPar16){ref-type="sec"} aplies to this algorithm as well.

### Lemma 5.3 {#FPar44}

Index *j*(*k*) is well defined.
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Convergence of the extended algorithm {#Sec12}
-------------------------------------
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We state now the main result of this section.
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Numerical results {#Sec13}
=================

Algorithm [4.1](#FPar16){ref-type="sec"} was implemented in MATLAB. To perform numerical tests we used a subset of test problems considered in the thesis of Hoheisel \[[@CR7]\].
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Next we solved 2 examples in truss topology optimization, the so called Ten-bar Truss and Cantilever Arm. The underlying model for both of them is as follows:$$\documentclass[12pt]{minimal}
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In the Ten-bar Truss example we consider the ground structure depicted in Fig. [1](#Fig1){ref-type="fig"}a consisting of $\documentclass[12pt]{minimal}
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We can see that although our final structure and optimal volume are the same as the final structure and the optimal volume in \[[@CR7]\], the solution $\documentclass[12pt]{minimal}
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In the Cantilever Arm example we consider the ground structure depicted in Fig. [2](#Fig2){ref-type="fig"}a consisting of $\documentclass[12pt]{minimal}
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The situation becomes more interesting when we change the stress bound to $\documentclass[12pt]{minimal}
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